Abstract. Equivariant de Rham theory for a general (not necessarily finite dimensional compact) Lie group is described in terms of a relative differential graded Ext-functor. Appropriate models for this functor, constructed via homological perturbation theory, yield small models for equivariant de Rham cohomology. Suitably defined functors in equivariant de Rham theory yield a notion of duality which includes a version of Koszul duality. The latter is shown to rely on the extended functoriality of the differential graded Ext-and Tor-functors.
Introduction
The main result of this paper describes equivariant de Rham theory in the spirit of Eilenberg and Moore, in terms of a relative differential graded Ext-functor in the realm of differential geometry. Suitable models for this differential graded Ext-functor then yield small models for equivariant de Rham cohomology. These models are constructed via homological perturbation theory (HPT). Appropriate models will then be shown to lead to a notion of duality in equivariant de Rham theory including what is referred to in the literature as Koszul duality. Our approach also applies to situations which, to our knowledge, have not been addressed in the literature, e. g. Koszul duality for infinite dimensional groups. For example, given a compact connected Lie group K and a principal K-bundle over a smooth manifold whose real cohomology is concentrated in even degrees, our approach to Koszul duality applies to the group of based gauge transformations. In a predecessor of the present paper [26] , our philosophy has already successfully been applied to ordinary equivariant singular (co)homology as well as to equivariant de Rham theory; the approach to the latter in [26] is essentially different from the present one, though, and does, in particular, not involve the relative differential graded Ext-functor which we will explore below.
Given a topological group G, in ordinary (singular) (co)homology, the G-equivariant (co)homology may be described via suitable differential Tor-and Ext-functors, with reference to the chain algebra C * G; cf. [26] . In the algebraic setting (e. g. for non-singular algebraic varieties), from the group multiplication, the de Rham algebra of G inherits a differential graded coalgebra, in fact Hopf algebra structure, and the G-equivariant de Rham theory is then given by a differential graded Cotor with respect to this differential graded coalgebra structure; in particular, this observation leads to rational cohomology of algebraic groups. In the smooth setting, such a description is of no avail since the de Rham algebra on a Lie group G does not inherit a diagonal. Using a version of the Eilenberg-Zilber theorem in de Rham theory, we will show in Section 3 that a replacement for the non-existent category of comodules over the de Rham complex of G is provided for by a suitable category of (G, Cg)-modules where Cg is the cone, in the category of differential graded Lie algebras, on the Lie algebra g of G. The de Rham algebra A(X) of any smooth G-manifold X inherits a (G, Cg)-module structure in an obvious fashion via the operations of contraction and Lie derivative, and the main result of the paper, Theorem 3.1 below, will say that the G-equivariant de Rham cohomology of a G-manifold X is given by a stuiably defined relative differential graded Ext ((G,Cg),g) (R, A(X)). This is a result of the Eilenberg-Moore type. The main technical result, Lemma 3.2 below, will say that the Eilenberg-Zilber theorem furnishes a contraction of the object which defines the G-equivariant de Rham cohomology of X onto the standard object defining the relative differential graded Ext ((G,Cg),g) (R, A(X)). Here a crucial technical ingredient is Lemma 3.4.1 below, which generalizes the Decomposition Lemma in [1] .
In Section 4 we shall show that, for a finite dimensional compact group, the Cartan model of equivariant cohomology then results by an application, to the standard construction calculating this differential graded Ext, of a HPT-procedure which, in [26] , has been exploited to construct small models for ordinary singular equivariant (co)homology. In fact, for a compact (connected) group G, the Gequivariant de Rham cohomology of X is given by the relative differential graded Ext (Cg,g) (R, A(X)), and the standard object calculating this differential graded Ext immediately contracts onto the Cartan model. Pushing the HPT-procedure a bit further, we obtain another (familiar) model which is even smaller than the Cartan model for equivariant cohomology. Thus, essentially the same HPT-constructions yield the small models in ordinary as well as in de Rham theory.
Our approach is completely formal and applies to equivariant intersection cohomology as well as to de Rham theory over other fields; the latter situation actually arises in number theory and arithmetical and algebraic geometry. For simplicity, we stick to the ordinary de Rham case.
In Section 5 below, exploiting the models constructed before, we introduce a certain algebraic duality involving the object which defines the relative differential graded Ext and show that Koszul duality, cf. e. g. [13] , is a consequence thereof. This yields a conceptual explanation of Koszul duality in terms of the extended functoriality of the relevant differential derived functors and places Koszul duality in the sh-context. The idea behind this extended functoriality goes back, at least implicitly, to [36] . For our purposes, the categories of sh-modules and sh-comodules serve as replacements for various derived categories exploited in [13] and elsewhere. In particular, when a Lie group G acts on a smooth manifold or possibly singular space X, even when the induced action of H * G on H * X lifts to an action on A(X), in general only an sh-action of H * G on A(X) will recover the geometry of the original action; likewise, even when the induced H * G-comodule structure on H * X lifts to a comodule structure on A(X), in general only an sh-coaction of H * G on A(X) will recover the geometry of the original action. What is referred to as cohomology operations in [13] is really a system of higher homotopies encapsulating the requisite sh-action of H * G or sh-coaction of H * G on A(X). Our HPT-techniques enable us to handle these higher homotopies satisfactorily. Our approach to duality is not merely a reformulation of Koszul duality since it applies to general (not even necessarily finite dimenional) Lie groups. We also note that Koszul duality somewhat reflects the old observation that, for any k ≥ 0, the non-abelian left derived of the k ′ th exterior power functor in the sense of [7] is the k ′ th symmetric copower on the suspension (the invariants in the k ′ th tensor power on the suspension with respect to the symmetric group on k letters). This is a follow-up paper, and the reader is assumed familiar with the notation, terminology, and preliminary material in [26] which will not be repeated. In particular, we will use the HPT-techniques explained in [26] without further explanation. As usual, the group of components of a topological group G is written as π 0 (G). The ground ring is denoted by R an the de Rham functor by A.
The Koszul complex of a Lie algebra
We describe various pieces of structure on the Koszul complex of a Lie algebra which are most easily explained in the language of homological perturbations. We will use these in the paper without further explanation. Until further notice we work over an arbitrary ground ring R.
(1.1) Let h be an R-Lie algebra which we suppose to be a free R-module when R is not a field. The cone Ch on h in the category of differential graded Lie algebras is the contractible differential graded Lie algebra Ch = sh ⊕ h with the obvious differential and bracket: the constituent sh is abelian, the action of h on sh is induced from the adjoint action, and the differential is essentially the inverse of the suspension. 
where
is the twisting cochain induced by the differential in Ch. Let N be a right h-module. The cohomology of h with values in N is defined as the homology of the chain complex Hom
yields an injective chain map
which identifies the twisted Hom-object Hom 
The induced action of Ch on the dual object, which is the Cartan-Chevalley-Eilenberg algebra Alt(h, R) calculating Lie algebra cohomology, is the familiar action via Lie derivative and contraction, and this action is well known to be compatible with the multiplicative structure. This confirms the fact that the Ch-action on Λ ′ ∂ [sh] preserves the differential graded coalgebra structure. (1.4) The CCE coalgebra is defined for any differential graded Lie algebra in an obvious fashion. In particular, over Ch, this is the differential graded coalgebra
, the differential graded symmetric coalgebra cogenerated by the chain complex Ch, endowed with the coalgebra perturbation ∂ (of the differential d coming from that on Ch) determined by the graded bracket on Ch.
into a differential graded coalgebra which we refer to as the Weil coalgebra of h. The dual Hom(W ′ [h], R) is the familiar Weil algebra of h. We will now spell out some additional structure on the Weil coalgebra, for later reference. Since, as a graded R-module, sCh = s 2 h ⊕ sh, as a graded coalgebra, the Weil coalgebra decomposes canonically as 
This is essentially (1.2.1) above, with Cg substituted for g. From the description
and the differential d is given by the formula d(ssx, sy, sz, w) = (0, −sx, sx, y + z), x, y, z, w ∈ g.
The differential graded Lie algebra Cg embeds into CCg via the association
and this injection, combined with the differential graded right CCg-structure on W ′ [g], yields the action (2.1.4), necessarily compatible with the differentials. (1.5) Let V be a differential graded right Cg-module. The space V g of invariants is manifestly a Cg-submodule, and the induced Cg-action, restricted to g, is plainly trivial. Consequently the U[Cg]-action on V g is trivial on the two-sided (differential graded) ideal g (with zero differential) in U[Cg] generated by g whence the action passes through an action of the quotient algebra U[Cg] g on V g , and this action is compatible with the differentials. Over the reals, when g is the Lie algebra of a compact connected Lie group G, U[Cg] g is naturally isomorphic to the homology algebra H * (g) ∼ = H * (G); indeed, the projection
is a chain equivalence. Hence the action of U[Cg] on V then passes to an action 
Relative homological algebra and continuous cohomology
Let G be a Lie group, neither necessarily compact nor necessarily finite dimensional, let g be the Lie algebra of G, and take R to be the reals R. The group G acts on U[Cg] compatibly with the differential graded algebra structure in the obvious way. Let Mod (G,Cg) be the category of differential graded (G, Cg)-modules where the actions of G and Cg intertwine in the obvious fashion. Given such a (G, Cg)-module V , the Cg-structure encapsulates the smoothness property of the G-action on V . With reference to the corresponding differential graded crossed product algebra RG ⊙ U[Cg], Mod (G,Cg) is the category of RG ⊙ U[Cg]-modules. We note (without proof) that, in the algebraic setting so that, in particular, G is an algebraic group and A(G) a differential graded coalgebra, the category Mod (G,Cg) is equivalent to that of differential graded A(G)-comodules. 
is a relative resolution of R in the category of differential graded right (U[Cg], U[g])-modules. We will now give an explicit description thereof. The path object P Λ 
). We will therefore write the resulting object as a homogeneous unreduced normalized bar construction
even though this is not an ordinary (absolute) unreduced bar construction unless the Lie bracket on g is trivial; however, BΛ ∂ [sg] is a differential graded coalgebra which, as a differential graded right g-module, contracts onto R in a canonical fashion. Let N be a differential graded right Cg-module. The relative (differential graded)
For example, when N = R, this comes down to the homology of Hom(BΛ ∂ 
in a canonical fashion, and this contraction is natural in terms of the data. Application of the Perturbation Lemma, cf.
[26] (2.3), to the contraction (2.1.4) and the operator ∂ on BΛ[sg] yields the contraction
where ι remains unchanged. Moreover, with reference to the differential graded right Cg-module structure (1.4.2), ι is a morphism of differential graded right Cg-modules. Hence Ext (Cg,g) (R, N ) is calculated by the somewhat smaller object
Indeed, yet another application of the Perturbation Lemma yields a contraction of the kind
where the notation ι, α ∂ , and h ∂ is abused somewhat. Under these circumstances, passing to Cg-invariants means passing to the subalgebra of the horizontal and g-invariant elements; indeed the Λ[sg]-invariants are the horizontal elements.
We will now rewrite (2.1.6) as a twisted object. When the Lie bracket on g is ignored, as a differential graded right
. With reference to the graded right Λ[sg]-module structure on N , when the differential on N is ignored, the twisted Hom-object Hom
) is defined; with the differential on N and the Lie bracket on g incorporated, on the g-invariants,
is still a perturbation of the differential, and we write the resulting twisted object as
Hom
yields an injective chain map (2.1.9) Hom
which identifies the source (2.1.7) with (2.1.6); cf. [26] (2.4.1). This elucidates the structure of (2.1.6) as a twisted object.
In particular, Ext (Cg,g) (R, R) is the algebra of g-invariants of the symmetric algebra S[s
In this fashion, Λ ′ ∂ [sP g] recovers the ordinary Weil algebra via the contraction (2.1.5).
The relative reduced object
The relative Ext ((G,Cg),g)
. We now consider the pair of categories
The appropriate way to resolve with respect to the group G is by means of a continuously injective resolution [19] ; we therefore leave aside the question whether the theory can be subsumed under resolvent pairs of categories and proceed with a direct definition as follows:
The realization |P g| of the path object P g (cf. [26] (1.1)) is a differential graded Lie algebra, and the simplicial twisting cochain
the constituents of which in each simplicial degree are given in (1.2) above induces, via the Eilenberg-Zilber theorem, an acyclic twisting cochain
We note that |P g| is the normalized object and hence canonically isomorphic to Cg but we will not use this fact since |P g| and (the copy of) Cg exploited above and below play somewhat different roles. Let V be a (G, Cg)-module so that, in particular, the two actions on V intertwine. Consider the chain complex |A 0 (P G, V )| defining the continuous cohomology of G with coefficients in V . This complex carries a canonical G-module structure. Furthermore, the obvious componentwise actions of the constituents of the simplicial Lie algebra P g on the constituents of A 0 (P G, V ) induce an action of the differential graded Lie algebra |P g| on |A 0 (P G, V )|; this action does not involve V . Hence the twisted Hom-object
is defined. Since the |P g|-action does not involve V , the twisting τ |P g| does not involve V . This twisted Hom-object inherits a canonical G-action. 
On the twisted object (2.2.2), the induced differential graded g-module structure (the diagonal structure coming from that on BΛ ∂ [sg] and the diagonal structure on |A 0 (P G, V )|) and the graded Λ[sg]-module structure combine to a differential graded (right) Cg-module structure. Thus (2.2.2) inherits a (G, Cg)-module structure.
More precisely: The diagonal actions with reference to BΛ ∂ [sg] and V endow the untwisted object (2.2.3) with a differential graded right (G, Cg)-module structure in a canonical fashion which we refer to as the untwisted (G, Cg)-module structure; this action does not involve the constituent P G. Its underlying Cg-module structure may be displayed as
Furthermore, since (the theory has been set up in such a way that) G acts on P G from the right, the degreewise assignment to X ∈ g of the induced fundamental vector field induces an action of g on the chain complex |A 0 (P G, V )| from the left where V is taken with the trivial g-structure. We refer to this action by the notation
it comes from the Lie derivative with reference to the corresponding fundamental vector field, evaluated on degreewise defined V -valued functions on P G. When BΛ [sg] is endowed with the zero differential, the assignment to
yields a differential graded right g-module structure
Perturbing the action (2.2.4) merely on the constituent g of Cg via (2.2.5) then yields a differential graded right Cg-module structure (2.2.6) Φ: Hom
on the twisted object (2.2.2) which combines with the (perturbed) G-structure (where "perturbed" means that the G-action on P G is now takes into account as well) to a differential graded right (G, Cg)-module structure, the twisted structure. Indeed, a little thought reveals that, for X ∈ g,
whence the perturbations of the action and of the differential correspond. Let
The notation B * and B * has been chosen since B * and B * are, in a somewhat generalized sense, dualized unreduced and reduced relative bar constructions, respectively, with reference to the category Mod (G,Cg) relative to Mod g and, accordingly, we refer to B * and B * as unreduced and reduced constructions. In particular, B * Cg) ,g) (G)-module in an obvious fashion. When the G-invariants coincide with the g-invariants (e. g. when G is finite dimensional and connected), more simply,
We define the differential graded Ext ((G,Cg),g) (R, V ) by
2.3. Cutting the defining object to size. The contraction (2.1.5) induces a (G, Cg)-equivariant contraction of the kind
Taking (G, Cg)-invariants, we obtain the contraction 
Here the total differential has the form d + ∂ of a perturbed differential: The operator d is the naive differential on Hom(
G coming from the bar complex operator δ and the differential on V ; and Cg),g ) (R, G, V ) defining the relative differential graded Ext. By adjointness, we may rewrite the graded object which underlies (2.3.3) as Proof. Given two twisting cochains σ: C → B * and σ ′ : C ′ → B * defined on graded cocommutative coalgebras C and C ′ , the values of the twisting cochain σ ⊗ηε+ηε⊗σ
Moreover, the Eilenberg-Zilber theorem furnishes a contraction of the kind
The inductive construction of the twisting cochain (3. 
((G,Cg),g) (R, G, V ); the assignment to V of t * (V ) defines one of two duality functors, cf. (5.12) below. Suppose that a choice of cycle in B * for each y j has been made so that the resulting twisting cochain ζ B * is available. We first construct a contraction from H * G⊗ ζ B * t * (V ) onto V . The canonical projection t * (V ) → V which forgets the (G, Cg)-structure extends to a projection α from H * G ⊗ ζ B * t * (V ) to V , necessarily a chain equivalence. A section for this projection which is compatible with the differentials includes an sh-comodule structure over H * G on V . To construct such a section, we consider V for the moment endowed with the trivial (G, Cg)-structure which we refer to by the notation V (0). Then the obvious injection of V into t * (V ) which, for v ∈ V , assigns
induces an injective chain map j(0):
of the data to a contraction. Incorporating the non-trivial (G, Cg)-structure on V amounts to perturbing the differential on the right-hand side via an operator ∂ which lowers the filtration coming from the coaugmentation filtration of BΛ ∂ [sg] and the simplicial degree filtration with reference to P G. Application of the Perturbation Lemma, cf.
[26] (2.3), yields the contraction
In this fashion, the extended H * G-comodule structure on H * G ⊗ ζ B * t * (V ) recovers an sh-comodule structure on V over H * G. To complete the construction of a small model, we extend the contraction (2.3.8) to a contraction
in the obvious fashion where the notation j, α, h is abused somewhat. 
The left-hand side
is a small model calculating Ext ((G,Cg),g) (R, V ). At this stage, the group G is a general Lie group, possibly infinite dimensional.
2.4.
The case where G is finite dimensional and compact. Consider the canonical contraction
which encapsulates the fact that |A 0 (P G, V )| is a continuously injective G-resolution of V . It induces a contraction of the kind
where j is a morphism of (G, Cg)-modules. Suppose now that G is compact and finite dimensional. Then invariant integration (with reference to G) transforms this contraction into the (G, Cg)-equivariant contraction
Taking (G, Cg)-invariants on both sides, we obtain the contraction
We will show in (2.5) below that this model calculates the π 0 G-invariants of the relative differential graded Ext (Cg,g) (R, V ) as well. Here the notation j, α, h is abused somewhat; notice that j remains unchanged under integration since it was already G-equivariant.
We now construct an even smaller model: Suppose that G is, furthermore, connected. The contraction (2.4.4) is, in particular, available for the special case where the (G, Cg)-action on V is trivial. We will refer to this trivial structure by the notation V (0) whenever there is a need to distinguish the two. Then the twisting τ 
The ascending degree filtration turns S ′ [s 2 g] into a filtered coalgebra, and the filtration by simplicial degree induces a descending filtration of |A 0 (P G, V )|; both filtrations induce a descending filtration of the object Hom(S ′ [s 2 g], |A 0 (P G, V )|) G , and the filtration is complete. Incorporation of the non-trivial (G, Cg)-action on V amounts to perturbing the total differential on the right-hand side of (2.4.6) via an operator ∂ which consists of (i) a perturbation of the bar complex operator δ incorporating the non-trivial G-action on V and (ii) the operator δ 
where D is a perturbation of the differential on Hom(H * (BG), V ) induced by the differential d (possibly zero) on V . The resulting twisted object (Hom(H * (BG), V ), D) is therefore a small model for the differential graded Ext (Cg,g) (R, V ). The contraction (2.4.7) is natural in terms of the data. In particular, view V as a (G × G, C(g × g))-module via the projection to the second factor. Then the identity of V and the diagonal map of G yield a morphism from V , viewed as a (G, Cg)-module, to V , viewed as a (G × G, C(g × g))-module. The naturality in terms of the data implies that the differential D is necessarily compatible with the obvious H * (BG)-module structure and therefore given by a twisting cochain ϑ from H * (BG) to End(V ) the values of which lie, by symmetry, in End(V ) G ; equivalently, the structure is given by an ΩH * (BG)-module structure on V (i. e. morphism of augmented differential graded algebras from ΩH * (BG) to End(V ) G ). Hence the small model on the left-hand side of (2.4.7) has the form of a twisted Hom-object 
is a morphism of coalgebras. The assignment to φ: 
the first unlabelled arrow being the obvious map and the second one being induced by the obvious surjection
Hence the two morphisms
are chain equivalences. This implies that (2.4.12) is a chain equivalence. In particular, for V = R, the injections in (2.3.2) and (2. 
and, since the right-hand side thereof equals B * ((G,Cg),g) (R, G, V ), invariant integration (with reference to G) transforms this contraction into the (G, Cg)-invariant contraction
where the notation j, α, h is abused somewhat; notice that j was already Gequivariant whence it remains unchanged under integration. The contraction (2.5.1), in turn, descends to the contraction
of (2.5.2) is the standard complex calculating the π 0 G-invariants of the relative differential graded Ext (Cg,g) (R, V ) whence:
There is a canonical isomorphism
The contraction (2.1.5) induces a (G, Cg)-equivariant contraction of the kind
Taking (G, Cg)-invariants, we obtain the contraction (2.5.6) (Hom
The left-hand side thereof is the above small model (2.4.5). It calculates the π 0 Ginvariants of the relative differential graded Ext (Cg,g) (R, V ). This justifies the claim made earlier that (2.4.5) calculates these π 0 G-invariants.
Equivariant de Rham theory as a relative differential Ext
As before, G denotes a Lie group, neither necessarily compact nor necessarily finite dimensional. Let X be a left G-manifold. Application of the de Rham functor to N (G, X) yields the cosimplicial differential graded algebra A (N (G, X) ), and the resulting cosimplicial bicomplex (A (N (G, X) ), d X , d G ) totalizes to a chain complex |A(N (G, X))| which we always take to be normalized ; we will write the bar operator coming from the cosimplicial structure (cf. e. g. [25] ) as δ. By definition, the homology of |A (N (G, X) )| is the G-equivariant de Rham cohomology of X. The left G-action on X induces an action of the differential graded algebra U[Cg] on the differential graded de Rham algebra A(X) via the operations of contraction and Lie-derivative, evaluated through the infinitesimal action g → Vect(X) of g on X.
We remind the reader that the definition of the relative differential graded Ext ((G,Cg),g) (·, ·) has been given above as (2.2.9). The following yields the de Rham theory replacement for Theorem 3.1 in [26] (which refers to ordinary cohomology).
Theorem 3.1. The G-equivariant de Rham cohomology of X is canonically isomorphic to the relative differential graded Ext ((G,Cg),g) (R, A(X)). When G is compact and finite dimensional, the G-equivariant de Rham cohomology of X is canonically isomorphic to
More generally, when E → E/G is a smooth principal bundle, let (
, endowed with the obvious (G, Cg)-module structure. We note without proof the following.
Addendum. The de Rham cohomology of
The pair ((G, Cg), g) may be viewed as a "pre-dual" of A(G), and the category of differential graded (G, Cg)-modules serves as a replacement for the non-existent category of comodules with reference to the de Rham complex of G.
Theorem 3.1 is an immediate consequence of the following Lemma, which yields the de Rham theory replacement for the statements of Lemma 3.2 and Corollary 3.3 in [26] (for the ordinary singular theory).
Lemma 3.2. The left trivialization of the tangent bundle of G induces a contraction of the totalization |A(N (G, X))| onto the standard complex calculating the relative differential graded Ext ((G,Cg),g) (R, A(X)). When G is finite dimensional and compact, invariant integration induces a contraction of the latter complex onto the standard complex calculating the π 0 G-invariants of the relative differential graded Ext (Cg,g) (R, A(X)). Both contractions are natural in terms of the data.
The proof of Lemma 3.2 will be given in (3.5) below, after the preparatory steps (3.3) and (3.4). 3.3. The de Rham complex of a Lie group H. Denote the total space of the tangent bundle of H by TH as usual. For any vector space V , the left trivialization
onto the V -valued de Rham complex A(H, V ) of H, whence H * (H, V ) amounts to the Lie algebra cohomology of h with values in A 0 (H, V ). When V is a chain complex, the isomorphism (3.3.1) is compatible with the operators induced by the differential of V on both sides of (3.3.1). (G, X) ). We will now elucidate the structure of A (N (G, X) ) by means of an extension of the Decomposition Lemma in [1] . In that reference, only the special case where X is a point has been explored; the presence of a non-trivial space X complicates the situation considerably. Application of the functor A 0 to P G and to P G×X yields the cosimplicial algebra A 0 (P G) and cosimplicial differential graded algebra A 0 (P (G, A(X))), respectively, and the latter inherits as well a cosimplicial differential graded A 0 (P G)-module structure. The group G acts on every object in sight in a natural fashion, the differential graded Lie algebra Cg acts on A 0 (P G, A(X)) via contraction and Lie derivative, and the two actions intertwine. Hence, with reference to the Cg-action on Λ 
Decomposition of A(N
from the differential graded cosimplicial diagonal object on the left-hand side of (3.4.2) onto the cosimplicial chain complex A(P G, A(X)).
Proof. In a simplicial degree p ≥ 0, the cosimplicial diagonal object on the left-hand side of (3.4.2) comes down to
since (P g) p = g p+1 and P G p = G p+1 , the isomorphism (3.3.1), with H = G p+1 , h = g p+1 , and V = A(X), identifies this cosimplicial diagonal object with the A(X)-valued de Rham complex of G p+1 or, equivalently, with the de Rham complex of
The left trivialization of TG determines a (simplicial) G-connection on the (simplicial) principal G-bundle P G × X → N (G, X). A form in A(P G, A(X)) is horizontal with respect to this G-connection if it is invariant under the action of Λ[sg] via contraction which, Λ[sg] being viewed as a graded subalgebra (not a differential graded subalgebra) of U[Cg], coincides with the restriction of the U[Cg]-action to Λ[sg]. Accordingly, on the isomorphic object Hom
). Since the projection P G × X → N (G, X) identifies the simplicial differential graded algebra A(N G, A(X)) with the simplicial differential graded subalgebra A(P G, A(X)) (G,Cg) of G-invariant horizontal forms on P G, from Lemma 3.4.1 we deduce at once the following. Hom
of differential graded cosimplicial objects. When the G-invariants coincide with the g-invariants (e. g. when G is finite dimensional and connected), this isomorphism takes the simpler form
For the special case where X is a point and G finite dimensional, a simplified version of this isomorphism (in a language different from ours) is given in the Decomposition Lemma in [1] . Even for this special case, our isomorphism (3.4.5) contains substantially more information than that given in [1] , though, since in that reference only an object which is equivalent to the unperturbed object Hom(Λ
Cg is explored; indeed, as noted in [1] , this unperturbed object contains information only concerning the beginning of the resulting spectral sequence. The perturbed object on the left-hand side of (3.4.5) contains all the information about the equivariant de Rham complex and, in particular, determines the entire spectral sequence. 3.5. Proof of Lemma 3.2. The Eilenberg-Zilber theorem in the cosimplicial setting, cf. [26] (1.3) for notation and details, yields the contraction
necessarily G-and Cg-equivariant and hence, in view of Corollary 3.4.3, the contraction
In view of the definition (2.2.9), the target (3.5.2) B * ((G,Cg),g) (R, G, A(X)) of this contraction defines Ext ((G,Cg),g) (R, A(X)). This proves the first statement of Lemma 3.2. When G is finite dimensional and compact, the contraction (2.3.2), with V = A(X), is the asserted the contraction onto the standard complex calculating the π 0 G-invariants of the relative differential graded Ext (Cg,g) (R, A(X)). This establishes the second statement of the Lemma. 3.6. Multiplicative properties. As simplicial spaces, the nerve N (G × G) of the product and the product N G × N G of the nerves are canonically isomorphic, and we will identify the two. The composite of the morphism from |A(N G×N G)| to |A(N G)| induced by the geometric diagonal map of G with the dual Alexander-Whitney map α * in the Eilenberg-Zilber theorem (cf. [26] (1.3) ) induces a differential graded algebra structure on |A(N G))|, and |A(N (G, X))| inherits a differential graded |A(N G)|-module structure in an obvious fashion. These structures are, in fact, induced by the canonical pairings
for each pairs (p, q) and (p ′ , q ′ ) of bidegrees, cf. e. g. [25] . For the special case where X is a point, the contraction (3.5.1) takes the form (3.6.1) (B * ((G,Cg),g) (G)
In this contraction, the projection ∇ * is a morphism of differential graded algebras and, for general X, the projection ∇ * in (3.5.1) is compatible with the module structures over these differential graded algebras.
Small models in equivariant de Rham theory
Substitution of A(X) for V in (2.3.3) yields the model (4.1) Hom
for the G-equivariant der Rham cohomology of X. An explicit contraction of |A(N (G, X))| onto (4.1) arises from combination of the contractions (3.5.1) and (2.3.2), with A(X) being substituted for V in (2.3.2). Suppose that G is compact and finite dimensional. Substitution of A(X) for V in (2.4.5) then yields the Cartan model 4.5. Multiplicative cohomology generators. The group G still being supposed (compact and) connected, the composite of (2.4.13) with the injection α * in (3.5.1) for the special case where X is a point yields an injection
which is a cohomology isomorphism. This injection involves no choices at all and is, in particular, natural in G; it is certainly not multiplicative unless H * (BG) is trivial or a polynomial algebra in a single generator. This injection includes the construction of representatives in |A(N G)| of the multiplicative cohomology generators of H * (BG), similar to that given in [8] and [34] via the simplicial Chern-Weil construction. It is interesting to note that our construction does not involve curvature arguments.
Duality
As before, the group G is assumed to be of finite homological type (that is, its homology is finite in each degree). Define the functor
by the assignment to a (right) (G, Cg)-module N ♭ of the twisted object
which, in turn, calculates the relative differential graded Ext ((G,Cg),g) (R, N ♭ ); likewise, define the functor
by the assignment to a B *
The latter inherits a canonical (G, Cg)-module structure: Indeed,
inherits a (G, Cg)-module structure from the G-actions on BΛ ∂ [sg] and on P G; further, given M ♭ , the action of Proof. Given a (G, Cg)-module N ♭ , the canonical injection
with the diagonal (G, Cg)-module structure. This corresponds to the fact that, for a space Y over BG, the Borel construction, applied to the total space P Y of the induced G-bundle, yields the space EG × Y . Likewise, as a B *
with the diagonal B * ((G,Cg),g) (G)-module structure. This corresponds to the fact that, for a G-space X, the total space P Y of the induced G-bundle over the Borel construction Y = EG × G X amounts to EG × X. Furthermore, since BΛ ∂ [sg] is contractible (cf. Section 2 above) and since, for any chain complex V , A 0 (P G, V ) contracts onto V , cf. (2.4.1), for any chain complex V , the injection of V into B * ((G,Cg),g) (R, G, V ) is a chain equivalence. Hence the injections
and N ♭ − → h * (t * (N ♭ )) are chain equivalences, in fact, may be extended to contractions in a canonical way.
We will now apply the duality spelled out in Proposition 5.3 to spaces. Let Y be a simplicial space Y over the simplicial space N G and consider the fiber square Cg) ,g) (G) are isomorphic via the contraction (3.6.1); this notion of isomorphism is explained in Section 6 of Theorem 5.11. On the category of left G-manifolds (more generally, G-spaces where a de Rham algebra is defined), the functor h * • t * • A is chain-equivalent to the functor A as (G, Cg)-module functors; and on the category of simplicial manifolds over N G, the functor t * • H * ∞ • |A| is chain-equivalent to the functor |A| as sh-module functors over B * ((G,Cg),g) (G). In particular, application of the functor h * to the twisted object t * (A(X)) (which is exactly (3.5.2)) calculating the G-equivariant de Rham cohomology of X (by Lemma 3.2) reproduces an object calculating the ordinary de Rham cohomology of X; and application of the functor t * to the twisted object H * ∞ (|A(Y )|, ξ) reproduces an object calculating the de Rham cohomology of the simplicial space Y . The former assigns to a (right) Λ-module N the twisted Hom-object t * (N ) which calculates the differential graded Ext Λ (R, N ), and the latter assigns to a (left) Smodule M the twisted Hom-object h * (M ) which, since S is of finite type, calculates the differential graded Tor S (R, M ). These functors are chain homotopy inverse to each other in an obvious fashion.
Replace |A(X)| with the ordinary Λ-module .4) for the G-equivariant cohomology (where the construction (4.12.4) is carried out for Y = N (G, X)); and the functor t * reconstructs the equivariant cohomology of a G-manifold from a model of the kind (5.12.1) for the ordinary cohomology. This corresponds to the procedure employed in [13] (cf. e. g. p. 29) which consists in replacing the naive cochain complexes, where the Λ-and S-actions are not defined, by equivalent cochain complexes where the actions are defined. 5.13. Koszul duality when G is finite dimensional, compact and connected, cf. e. g. [13] . We recall it, to establish the link with the theory built up above. As noted in (2.4) above, cf. (2.4.9), given X, A(X) G inherits now a H * (G)-module structure, and the model (4.4) for the G-equivariant de Rham cohomology is exactly t * (A(X) G ). The functor h * reconstructs the ordinary cohomology of X from t * (A(X) G ). Under our general circumstances (where G is a general, possibly infinite dimensional Lie group), (5.12.1) is a replacement for (4.4) and the functor t * applies, for a general simplicial space over N G, to the model (5.12.4).
